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Summary
A pure analytic one-way coupled mode propagation model for resonant interacting modes is obtained
by the multiscale expansion method. It is proved that the acoustic energy flux is conserved in this
model up to the first degree of the corresponding small parameter. The test calculations with the
COUPLE program give an excellent agreement.
PACS no. 43.30.Bp, 43.30.Dr, 43.20.Bi
1. Introduction
The normal mode method is often used in the prob-
lems of acoustics. It consists in the (local) separation
of variables of the original boundary value problem
in such a way that on the cross-waveguide direction
we have a spectral problem, from which the normal
modes are obtained, and in the direction along the
waveguide we have an initial boundary value problem,
determining the amplitudes of the normal modes. In
this formulation the field in a range-dependent waveg-
uide is expanded in terms of local modes with range-
dependent coefficients (mode amplitudes). In the adi-
abatic mode approximation the independent propaga-
tion for each mode is assumed. For the coupled mode
propagation the derivation of the amplitude equations
is not that obvious, and it is considered here for the
acoustic case.
Adiabatic and coupled mode acoustic equations ap-
peared as a convenient tool for solving problems of
ocean acoustics since the works of A. D. Pierce [1],
R. Burridge & H. Weinberg [2], J. A. Fawcett [3],
and M. B. Porter [4, 5]. In all of these papers ex-
cepting [2] the method of multiscale expansions was
not used [6, 7]. In this work we show that the sys-
tematic use of this method allows to obtain unidirec-
tional equations that produce, in the considered nu-
merical examples, the same results for the transmis-
sion losses as the COUPLE 2 way equations [8], when
the range-dependent waveguide is approximated by
range-independent stair steps and the coupled mode
solution is obtained by matching the solutions of the
wave equation for neighboring stair steps at their com-
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mon boundary. Our approach in principle can be ex-
tended to handle propagation in three dimensions,
whereas the discrete coupled mode method can not.
For the obtained equations an important property
of the acoustic energy flux conservation is proved.
Namely, if the difference between the wave numbers
of the modes is of order 1 in the small parameter used
in the multiscale expansions method, then the acous-
tic flux (see the definition and discussion in section 6)
is of the same order, whereas the acoustic Helmholtz
equation possesses the property of the energy flux con-
servation exactly.
The boundary and interface conditions are derived
simultaneously and by the same method as the equa-
tions.
2. Formulation of problem
We consider the propagation of time-harmonic sound
in the axially symmetric three-dimensional waveguide
Ω = {(r, φ, z)|0 ≤ r < ∞, 0 ≤ φ < 2π,−H ≤ z ≤ 0}
(z-axis is directed upward), described by the acoustic
Helmholtz equation
(γPr)r +
1
r
γPr + (γPz)z + γκ
2P
=
−γδ(z − z0)δ(r)
2πr
,
(1)
where γ = 1/ρ, ρ = ρ(r, z) is the density, κ(r, z) is the
wavenumber. We assume the appropriate radiation
conditions at infinity in the r, φ plane, the pressure-
release boundary condition at z = 0
P = 0 at z = 0 , (2)
and the rigid boundary condition ∂u/∂z = 0 at
z = −H . The parameters of medium may be dis-
continuous at the nonintersecting smooth interfaces
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z = h1(r), . . . , hm(r), where the usual interface con-
ditions
P+ = P− ,
γ+
(
∂P
∂z
− hr
∂P
∂r
)
+
= γ−
(
∂P
∂z
− hr
∂P
∂r
)
−
(3)
are imposed. Hereafter we use the denotations
f(z0, r)+ = limz↓z0 f(z, r) and f(z0, r)− =
limz↑z0 f(z, r). Without loss of generality we may con-
sider the case m = 1, so we set m = 1 and denote h1
by h.
We introduce a small parameter ǫ (the ratio of the
typical wavelength to the typical size of medium inho-
mogeneities), the slow variable R = ǫr and postulate
the following expansions for the parameters κ2, γ and
h:
κ2 = n20(R, z) + ǫν(R, z) , γ = γ(R, z) , h = h(R) .
To model the attenuation effects we admit ν to be
complex. Namely, we take Im ν = 2ηβn0, where η =
(40π log10 e)
−1 and β is the attenuation in decibels
per wavelength. This implies that Im ν ≥ 0.
Consider a solution to the Helmholtz equation
(1) in the form of the WKB-ansatz, where {θj |j =
M, . . . , N} is a set of phases (fast variables):
P =
N∑
j=M
(u
(j)
0 (R, z) + ǫu
(j)
1 (R, z) + . . .)e
iθj/ǫ . (4)
Introducing this anzatz into equation (1), boundary
condition (2) and interface conditions (3), all rewrit-
ten in the slow variable, we obtain the sequence of the
boundary value problems at each order of ǫ.
3. The problem at O(ǫ0)
To obtain the normal modes we first consider the
WKB anzats in the form P = u
(j)
0 (R, z)e
iθj(R,z)/ǫ.
Further we can omit j. From the equations at O(ǫ−2)
and O(ǫ−1) we can conclude that θ is independent of
z.
At O(ǫ0) now we have
(γu0z)z + γn
2
0 − γ(θR)
2u0 = 0 , (5)
with the interface conditions of the order ǫ0
u0+ = u0− ,(
γ
∂u0
∂z
)
+
=
(
γ
∂u0
∂z
)
−
at z = h ,
(6)
and boundary conditions u = 0 at z = 0 and ∂u/∂z =
0 at z = −H . We seek a solution to problem (5), (6)
in the form u0 = A(R)φ(R, z) . From eqs. (5) and (6)
we obtain the following spectral problem for φ with
the spectral parameter k2 = (θR)
2
(γφz)z + γn
2
0φ− γk
2φ = 0 ,
φ(0) = 0 ,
∂φ
∂z
= 0 at z = −H ,
φ+ = φ− ,(
γ
∂φ
∂z
)
+
=
(
γ
∂φ
∂z
)
−
at z = h .
(7)
This spectral problem, being considered in the Hilbert
space L2,γ0 [−H, 0] with the scalar product and the
normalizing condition
(φ, ψ) =
∫ 0
−H
γφψ dz , (φ, φ) =
∫ 0
−H
γφ2 dz ,
has countably many solutions (k2j , φj), j = 1, 2, . . .
where the eigenfunction can be chosen as real func-
tions. The eigenvalues k2j are real and have −∞ as a
single accumulation point [9].
4. The derivatives of eigenfunctions
and wavenumbers with respect to R
Before considering the problem at O(ǫ1) we should
consider the calculation of the derivatives of the eigen-
functions and wavenumbers with respect to R.
Differentiating spectral problem (7) with respect to
R we obtain the boundary value problem for φjR
(γφjRz)z + γn
2
0φjR − γk
2
jφjR = − (γRφjz)z −
(γn20)Rφj + 2kjRkjγφj + γRk
2
jφj ,
φjR(0) = 0 , φjRz(−H) = 0 ,
(8)
with interface conditions at z = h
φjR+ − φjR− = −hR(φjz+ − φjz−) ,
γ+φjRz+ − γ−φjRz− = − (γR+φjz+−
γR−φjz−)− hR
(
((γφjz)z)+ − ((γφjz)z)−
)
.
(9)
We search a solution to problem (8), (9) in the form
φjR =
∞∑
l=0
Cjlφl , where Cjl =
∫ 0
−H
γφjRφl dz .
Multiplying (8) by φl and then integrating resulting
equation from −H to 0 by parts twice with the use of
interface conditions (9), we obtain
(
k2l − k
2
j
)
Cjl =
∫ 0
−H
γRφjzφlz dz + 2kjRkjδjl−
−
∫ 0
−H
(
γn20
)
R
φjφl dz + k
2
j
∫ 0
−H
γRφjφl dz+{
hR(γ
2φjzφlz)+
[(
1
γ
)
+
−
(
1
γ
)
−
]
−
hRφjφl
[(
γ
(
k2j − n
2
0
))
+
−
(
γ
(
k2j − n
2
0
))
−
]}∣∣∣∣
z=h
,
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where δjl is the Kronecker delta. Note that
(γ2φjzφlz)+ = (γ
2φjzφlz)−.
5. The problem at O(ǫ1)
We now represent a solution to the Helmholtz equa-
tion (1) in the form of anzats (4). At O(ǫ1) we obtain
N∑
j=M
((
γu
(j)
1z
)
z
+ γn20u
(j)
1 − γk
2
ju
(j)
1
)
eiθj/ǫ =
N∑
j=M
(
−iγRkju
(j)
0 − 2iγkju
(j)
0R − iγkjRu
(j)
0
−iγkj
1
R
u
(j)
0 − νγu
(j)
0
)
eiθj/ǫ ,
(10)
with the boundary conditions u
(j)
1 = 0 at z = 0,
∂u
(j)
1 /∂z = 0 at z = −H , and the interface condi-
tions at z = h(R):
N∑
j=M
(u
(j)
1+ − u
(j)
1−)e
iθj/ǫ = 0 ,
N∑
j=M
[γ+u
(j)
1z+ − γ−u
(j)
1z−
+ ikjhRu
(j)
0 (γ− − γ+)]e
iθj/ǫ = 0 .
(11)
We seek a solution to problem (10), (11) in the form
u
(j)
1 =
∞∑
l=0
Bjl(X,Y )φl(z,X) ,
where Bjl =
∫ 0
−H
γu
(j)
1 φl dz .
Multiplying (10) by φl and then integrating resulting
equation from −H to 0 by parts twice with the use of
interface conditions (11), we obtain
N∑
j=M
(
(k2l − k
2
j )Bjl
−Aj ikjhRφjφl [γ+ − γ−]|z=h
)
eiθj/ǫ
=
N∑
j=M
(
−ikjAj
∫ 0
−H
γRφjφl dz
− 2ikjAj
∫ 0
−H
γφjRφl dz − 2ikjAj,R
∫ 0
−H
γφjφl dz
− ikj,RAj
∫ 0
−H
γφjφl dz − ikj
1
R
Aj
∫ 0
−H
γφjφl dz
−Aj
∫ 0
−H
νγφjφl dz
)
eiθj/ǫ .
The terms (k2l − k
2
j )Bjl in these expressions can be
omitted because of the resonant condition |kl − kj | =
O(ǫ).
As
− ikjAj
∫ 0
−H
γRφjφl dz − 2ikjAj
∫ 0
−H
γφjRφl dz
= ikjAj (Clj − Cjl)− ikjAjhRφjφl [γ+ − γ−]|z=h ,
we get, after some algebra,
N∑
j=M
(
ikjAj (Clj − Cjl)− 2ikjAj,Rδjl − ikjRAjδjl
−ikj
1
R
Ajδjl −Aj
∫ 0
−H
νγφjφl dz
)
eiθj/ǫ = 0 .
Proposition 1. The solvability condition for the
problem at O(ǫ1) is a system of equations for l =
M, . . . , N
2iklAl,R + ikl,RAl + ikl
1
R
Al +
N∑
j=M
αljAje
θlj = 0 ,
(12)
where αlj and θlj are given by the following formulas
αlj =
∫ 0
−∞
γνφjφl dz − ikj (Clj − Cjl) ,
θlj =
i
ǫ
(θj − θl) .
(13)
6. Energy flux conservation for equa-
tions (12)
The importance of the energy conservation law is not
doubtful. For the wave equation such a law can be
established [10]. Since the Helmholtz equation is ob-
tained from the wave equation, the energy conserva-
tion law is converted to the acoustic energy flux con-
servation property. This is the reason why it is widely
accepted [4] that energy flux conservation should be
maintained in any propagation model. The acoustic
energy flux averaged over the period is defined as
J(r, z) =
1
2ω
γ Im((gradP (r, z))P ∗(r, z)) .
From now on we drop the inessential factor 1/2ω. As is
well known, if P is a solution of the Helmholtz equa-
tion (1) then the corresponding energy flux is con-
served, that is div J(r, z) = 0 . With our boundary
conditions we have also the conservation property
div
∫ 0
−H
J(r, z) dz = 0 .
Proposition 2. Assume that Im ν¯ = 0. Let
{Aj |j = M, . . .N} be a solution to equa-
tions (12). Then for P =
N∑
j=M
Ajφje
iθj/ǫ we have
div
∫ 0
−H
J(r, z) dz = O(ǫ2) .
3
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Proof. First calculate the divergence in the general
form for the anzats used:
div
∫ 0
−H
J(r, z) dz =
1
r
∂
∂r
{
r
[
N∑
l=M
kl|Al|
2
+ ǫ
N∑
l=M
N∑
j=M
Im
(
CljAlA
∗
je
i(θl−θj)/ǫ)
)
+ǫ
N∑
l=M
Im(Al,RA
∗
l )
]}
= ǫ
N∑
l=M
N∑
j=M
(kl − kj)Clj Re
(
AjA
∗
l e
i(θj−θl)/ǫ
)
+ ǫ
N∑
l=M
(kl|Al|
2)R + ǫ
1
R
N∑
l=M
kl|Al|
2 +O(ǫ2) .
(14)
Consider now the sum on l of equations (12) multi-
plied by A∗l minus the conjugate equations multiplied
by Al
N∑
l=M
[(
2iklAl,R + ikl,RAl + ikl
1
R
Al
+
N∑
j=M
αljAje
θlj
)
A∗l−
(
(−2iklA
∗
l,R − ikl,RA
∗
l − ikl
1
R
A∗l
+
N∑
j=M
α∗ljA
∗
j e
θ∗lj
)
Al

 = 0 .
After some transformation we have:
N∑
l=M
N∑
j=M
(αljAje
θljA∗l − α
∗
ljA
∗
je
θ∗ljAl)
+
N∑
l=M
2i((kl|Al|
2)R + kl
1
R
|Al|
2) = 0 ,
then substitute for αlj its expression (13)
N∑
l=M
N∑
j=M
(
−ikj(Clj − Cjl)Aje
i(θj−θl)/ǫA∗l+
−ikj(Clj − Cjl)A
∗
j e
i(θl−θj)/ǫAl
)
+
N∑
l=M
2i((kl|Al|
2)R + kl
1
R
|Al|
2) = 0 ,
and collect terms
N∑
l=M
N∑
j=M
(
−ikj(Clj − Cjl)2Re(Aje
i(θj−θl)/ǫA∗l )
)
+
N∑
l=M
2i((kl|Al|
2)R + kl
1
R
|Al|
2) = 0 ,
write double sums separately for terms with Clj and
Cjl
N∑
l=M
N∑
j=M
(
−ikjClj2Re(Aje
i(θj−θl)/ǫA∗l )
)
+
N∑
l=M
N∑
j=M
(
ikjCjl2Re(Aje
i(θj−θl)/ǫA∗l )
)
+
N∑
l=M
2i((kl|Al|
2)R + kl
1
R
|Al|
2) = 0 ,
exchange indexes l and j in the second double sum
and finally get
N∑
l=M
N∑
j=M
(
i(kl − kj)Clj2Re(Aje
i(θj−θl)/ǫA∗l )
)
+
N∑
l=M
2i((kl|Al|
2)R + kl
1
R
|Al|
2) = 0 .
The last equation coincides modulo 2i with the O(ǫ)-
part of (14).
7. Numerical examples
For the standard ASA wedge benchmark with the an-
gle of wedge ≈ 2.86◦ we numerically simulate the
sound propagation to illustrate the efficiency of our
coupled-mode model. The bottom depth decreases lin-
early from 200m at X = 0 to zero at X = 4 km. The
sound speed in the water is 1500m/sec. The sound
speed in the bottom, which is considered liquid, is
1700m/sec. The bottom density is 1500 kg/m3, the
water density is 1000 kg/m3. We assume that there
is no attenuation in the water layer, and in the bot-
tom the attenuation is 0.5 dB/λ. For the calculation
purposes we restrict the total depth by 1500m and
suppose that in the bottom the absorption increases
linearly from 0.5 dB/λ at depth 1000m to 2.5 dB/λ
at depth 1500m.
The point source of frequency 25 Hz is placed at
the depth of 100 m. In this case we have 44 prop-
agating modes. Figure 1 illustrates the transmission
loss for the receiver depth of 30 m. Comparison with
the numerical solution obtained by the COUPLE pro-
gram [8] shows that the mean square difference be-
tween the two curves is about 0.15 dB. A similar re-
sult is presented in figure 2 where the transmission
loss for the ASA wedge benchmark at depth 150 m
is depicted. In this case the mean square difference
between our curve and the curve produced with the
COUPLE 2 way program is about 0.4 dB.
8. Conclusion
In this article a one-way coupled mode propagation
model for the resonantly interacting modes has been
4
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Figure 1. The result of the numerical simulation with coupled-mode model (12) for the standard ASA wedge benchmark
with absorbing bottom compared to solutions obtained by the COUPLE program [8] and the adiabatic mode equation.
The source is placed at 100 m, and the depth of the receiver is 30 m.
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Figure 2. The result of the numerical simulation with coupled-mode model (12) for the standard ASA wedge benchmark
with absorbing bottom compared to solutions obtained by the COUPLE program [8] and the adiabatic mode equation.
The source is placed at 100 m, and the depth of the receiver is 150 m.
introduced. The acoustic energy flux is conserved for
the model with the accuracy adequate to the used
approximation (proposition 2). The test calculations
5
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were done for the ASA wedge benchmark and proved
excellent agreement with the COUPLE program [8].
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